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The  t u r b i n e - b u c k e t  t empe ra tu r e  is de t e rmined  for a s inusoidal  v a r i a -  

t ion in the  gas t empe ra tu r e ,  t t  is demons t ra ted  tha t  t he  bucke t  t e m -  
pera tu re  varies with the same frequency as the temperature of the gas, 
with the amplitude of bucket-temperature fluctuations being smaller 
than the amplitude of gas-temperature fluctuation. 

In a variable regime the stator and rotor blades, 
the housings, disks, and similar components in the 
turbine of a gas-turbine engine exhibit temperatures 
which differ from the temperature of the stagnant gas 
flow. This is explained by the fact that a specific 
amount of time--dependent on the mass, surface, and 
heat capacity of the components, on the coefficient of 
heat transfer, and on the law governing the change in 
gas temperature with time--is required for the heating 
of these components. Experimentally confirmed calcu- 
lations have demonstrated that the turbine-bucket tem- 
perature of a gas-turbine engine [GTE] is substantially 
lower (by 40-80 ~ ) than the gas temperature [1] at the 
end of acceleration, because of the thermal inertia of 
the buckets. From the standpoint of bucket [blade] 
strength it is frequently unnecessary, in acceleration 
regimes, to be concerned about great excesses of gas 
temperature [2] (when the thermal stresses are small, 
and when the over-all magnitude of the stresses does 
not exceed the elastic limit). It was assumed in the 
bucket-temperature calculations of [1, 2], as well as 
in [3], that the gas temperature increased instanta- 
neously from its initial magnitude of tg i by a quantity 
Atg and then remained continuously constant and equal 
to tg 2 = tg i + Atg. These conditions are characteristic 
of stationary, marine, and particularly locomotive 
GTE in which, after acceleration, the gas tempera- 
ture remains constant for a comparatively longperiod. 
However, many engines operate in amarkedly variable 
regime in which the gas temperature, the rpm, and 
the engine power vary periodically. Among these we 
can include passenger-car and transport GTE, as well 
as aircraft engines when the aircraft is engaged in the 
execution of advanced flight maneuvers. There is a 
sufficient reduction in the strength and life of blades 
as a result of periodic variations in temperature, so 
that the determination of the service and over-all life 
of a gas-turbine engine requires familiarity with the 
manner  in which the t e m p e r a t u r e  of the eng ine ' s  buck-  
e ts  changes in a va r iab le  r eg ime .  Under opera t ional  
conditions the gas t e m p e r a t u r e  can be m e a s u r e d  and 
r eco rded  on an osc i l lograph;  however ,  the blade t e m -  
p e r a t u r e s  (par t icu la r ly  in the ro tor )  a re  not eas i ly  
r eco rded  under  these conditions.  The de te rmina t ion  of 
the bucket  t e m p e r a t u r e s  for  pe r iod ic  va r i a t ions  in gas 
t e m p e r a t u r e s  by means  of ca lcula t ion t he re fo re  makes  

it possible to achieve a result without resorting to 
complex measurements, at the same time also making 
it possible in the general case to analyze those factors 
which affect the thermal state of the blades. 

The differential equation for the determination of 
temperatures in uncooled blades [buckets] as a function 
of time can be written as follows [1]: 

A (tg - -  tb) dx = dt  b. ( i ) 

The t empera tu re  tg for  the s ta to r  blades co r respnds  
to the stagnation t e m p e r a t u r e  with r e spec t  to the abso-  
lute ve loc i ty  of the inlet  flow, while for  the ro to r  
blades it co r responds  to the s tagnation t e m p e r a t u r e s  
with r e s p e c t  to the re la t ive  veloci ty .  We wi l l examine  
the average  blade t empe ra tu r e  over  the en t i re  c ross  
sect ion.  If neces sa ry ,  we will  de t e rmine  the t e m p e r a -  
ture  of the t ra i l ing  edge in approximate  t e r m s  (without 
cons idera t ion  of heat  conduction); for this the coeff i -  
c ient  A should be calculated for the Fb /G b ra t io  c o r r e -  
sponding to the sur face  and the weight  of the blade in 
the reg ion  of the t ra i l ing  edge. This ra t io  is p r o p o r -  
t ional to the p e r i m e t e r  of the prof i le  sec t ion  under  con- 
s idera t ion  divided by its l a t e ra l  c ro s s  sect ion.  

The genera l  solut ion for  the l inear  equation (1)has  
the fo rm 

t b =  exp[-- A~] { A t  g exp  [ A ~c] dr  + C } . (2) 

If we know the law governing the change in the gas 
t empe ra tu r e  and in the quantity A with t ime,  the blade 
t e m p e r a t u r e  can always be de te rmined  in quadra tu res .  
If the in tegra l  in Eq. (2) is not taken in final  form,  the 
p rob lem is m o r e  s imply  r e so lved  by an approximate  
solution of Eq. (1)--by the method of broken Eule r  
l ines ,  by means  of power s e r i e s ,  etc.  

With a per iodic  change in t em pe ra tu r e ,  the quantity 
tg in (2) can be r e p r e s e n t e d  by a Fou r i e r  s e r i e s .  The 
quantity A is a function of t ime in view of the fact  that 
the h e a t - t r a n s f e r  coeff ic ient  is not constant.  If A is 
va r iab le ,  the in tegra l  in (2) is not exp re s sed  in e l e -  
men ta ry  functions,  thus compl ica t ing  the solution of the 
p rob lem and the analysis  of the der ived  resu l t .  In con- 
nect ion with the fact  that the h e a t - t r a n s f e r  coeff ic ient  
does not genera l ly  vary  markedly ,  in the de te rmina t ion  
of the t e m p e r a t u r e  of the blades f lushed by a s t r e a m  
with a pe r iod ica l ly  vary ing  t em pe ra tu r e ,  we can assume 
that the value of ag  is constant and equal to the t i m e -  
averaged  coeff ic ient  of heat t r ans f e r  f rom the gas to 
the blades.  The quantity A is constant  in this case  and 
if the gas t e m p e r a t u r e  with r e s p e c t  to t ime is exp res sed  
by a F o u r i e r  s e r i e s ,  the in tegra ls  in (2) are  brought to 
the fo rm ~ e x p x s i n x d x  or  ~ e x p x c o s x d x ,  and these a r e  
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eas i ly  taken. 
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Let us solve the problem in which the gas t e m p e r a -  
tu re  var ies  with t ime according to the s inusoidal  law 

tg=tva+t#.+~--t~tsin(o'~ ~ ) 
2 2 ~ . ( 3 )  

It follows f rom Eq. (3) that the gas t empera tu re  at the 
ini t ia l  ins tant  (r = 0) is equal to its in i t ia l  value tg t. 
Although the case of the s inusoidal  var ia t ion  in t em-  
pe ra tu re  is the s imples t  of the numerous  laws govern-  

~tbl 
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Fig. 1. Atbi (~ ve r sus  t ime (see) at tg 2 - 
- tg 1 = 300 ~ C; A = 0.2 see-1 and var ious  
re la t ions  w/A: 1) w/A = 0; 2) 0,5; 3) 1; 

4) 2; 5) r 

ing the periodic var ia t ion  in t empera ture ,  it is ,  n e v e r -  
theless ,  sufficiently genera l  in many cases  and, 
moreover ,  a number  of genera l  quant i ta t ive r e l a t ion -  
ships can be establ ished on the basis  of a s inusoidal  
law governing the change in tg. 

Substitution of (3) into (2) makes it poss ib le  to de-  
r ive  a genera l  solution for (1) in the case of a s inuso i -  
dal var ia t ion  in the gas t empera ture :  

tb = lgl + tg~ -/- _ ~ A  tg2 - -  tg 1 >( 

2 A ~ + co 2 2 

-t-~Cexp l - A~I. (4) 

We find the a rb i t r a ry  constant  C f rom the condition 
that when T = 0 the blade t empera tu re  is equal to tb0. 
F rom (4) for r = 0 it then follows that 

C = tbo tga + lg~ "k A~ tg~ - -  tg 1 
2 A ~ + 0 2 2 

Having subst i tuted this quantity into (4) and having 
assumed that tb0 = tg 1 (i. e., the gas t empera tu re  
p r io r  to the onset  of the nonsteady r eg ime  and the 
blade t empera tu re  coincide), after t r ans fo rmat ions  
we der ive  an equation for the de te rmina t ion  of the 
blade t empera tu re  for a s inusoidal  var ia t ion  in the gas 
t empera ture :  

tb = tgav 2exp A ,  1 + 

+ t~2 - -  tgl 
- -  0 2  X 

2 V /  1 +  A 2 

x sin (ox ~ 2 arctg --~- ) ,  (5) 

where tgav = tg I + tg2/2 is the average gas t e m p e r a -  
ture.  

The phase angle ~o = arctg(w/A) shows here the 
extent to which there has been a phase shift in the 
s inusoid showing the change in the gas tempera ture .  

It follows from Eq. (5) that the blade t empera tu re  
for a s imple  harmonic  var ia t ion  in the gas t empera tu re  
can be demons t ra ted  to consis t  of three  t e rms :  a con- 
s tant  equal to the average gas t empera tu re ,  an expo- 
nent ia l  t e rm,  and one that is s inusoidal ,  i . e . ,  

tb = tgav- -  A tbz + A tbli, (6)  

where 

Atbz 2expA,  1 ; __  _ 0 . )2  " 

atbiI= tg,-t , i  sin(oi_ _aretgA) ' 
r ~ 2 

2 1 +  A~ 

In accordance  with Eq. (6), the curve showing the 
change in the blade t empera tu re  can be divided into 
two s e g m e n t s - - a n  ini t ial  segment  and a p r i m a r y  seg-  
ment.  The exponential  t e rm  in the ini t ial  segment  has 
a marked  effect on the blade t empera tu re  and the curve 
t b = f ( r )  in this segment  will not be periodic.  The 
re la t ionship  between &tbi and t ime for the var ious  
w/A rat ios  is shown in Fig. 1. We see that the quan- 
tity Atbi inc reases  with an inc rease  in ~o/A, varying  
f rom zero when w/A = 0 to (tg 2 - tgl)/2 when o)/A = ~,, 
and T = 0. The value of &tbi rapidly d imin ishes  with 
an inc rease  in T and approaches very  close to zero in 
value for v i r tua l ly  all  actual magnitudes of w/A when 
T = 10-15 sec.  If we assume that the effect of the expo- 
nent ia l  t e rm  can be neglected when Atbi < 0.01 Atbii,  
the blade t empera tu re  as a function of t ime conse-  

a t ~  x .... 

f20 

\ 

0 I 2 0 ~ 5 8 7 c . , /A  

Fig. 2. Amplitude of b l ade - t empera tu r e  osc i l l a -  
tions in the ma in  region  ve r sus  w/A with s i n u s -  
oidal var ia t ion  of gas t empera tu re  and tg 2 - tg I = 

= 300 ~ C. 

quently becomes periodic f rom this ins tant  on. For  
quanti t ies  A = 0 .2-0 .4  sec-1, usual  for  blades,  the 
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c u r v e  t b =f('r) b e c o m e s  p e r i o d i c  w i t h i n  1 0 - 2 0  s e c  
a f t e r  t he  o n s e t  of t he  n o n s t e a d y  r e g i m e .  In the  s o l u t i o n  

of the  m a j o r i t y  of p r a c t i c a l  c a s e s  f o r  a s u f f i c i e n t l y  
p r o l o n g e d  p e r i o d i c  v a r i a t i o n  in gas  t e m p e r a t u r e  i t  

t h e r e f o r e  b e c o m e s  p o s s i b l e  to  a s s u m e  t h a t  A tb I  = 0 
and  t h e  c a l c u l a t i o n s  c a n  b e  c a r r i e d  out  a c c o r d i n g  to 
t he  f o r m u l a  

t b = tgav -~- h t h l I  = tgav -} tge  - -  tg  1 X 
O0 2 

2 V / 1 + ~  

• 1 7 6  (7) 

We wi l l  a n a l y z e  t he  d e r i v e d  e q u a t i o n s  f o r  t he  d e t e r -  

m i n a t i o n  of b l a d e  t e m p e r a t u r e s  in  t h e  c a s e  of a s i n u s -  
o ida l  t i m e - v a r i a t i o n  in  t h e  g a s  t e m p e r a t u r e .  As we  
c a n  s e e  f r o m  Eq. (5), t h e  n a t u r e  of t h e  v a r i a t i o n  in  
t he  b l a d e  t e m p e r a t u r e  is  a s t r o n g  f u n c t i o n  of t he  d i -  
m e n s i o n l e s s  r a t i o  colA. We c a n  e x a m i n e  two e x t r e m e  

c a s e s  : 
a) If co/A = 0, w h i c h  m a y  b e  t he  c a s e  w h e n  A = ,o 

(co = 0 is  t h e  e a s e  in  w h i c h  t h e r e  a r e  no  f l u c t u a t i o n s  

and  i s  t hus  of no i n t e r e s t ) ,  i. e~  w i t h  i n f i n i t e l y  s m a l l  

t h e r m a l  i n e r t i a  f o r  t he  b l a d e s ,  t h e i r  t e m p e r a t u r e  wi l l  

be  e x p r e s s e d  by  t he  f o l l o w i n g  e q u a t i o n :  

I t  f o l l ows  f r o m  a c o m p a r i s o n  of t h i s  e x p r e s s i o n  r e l a -  

t i v e  to  (3) t h a t  t he  b l a d e  t e m p e r a t u r e  c o i n c i d e s  w i t h  

t h a t  of t he  ga s .  T h e  a m p l i t u d e  of t he  f l u c t u a t i o n s  in  
t he  b l a d e  t e m p e r a t u r e  wi l l  b e  a t  i t s  m a x i m u m  in  t h i s  

e a s e .  
b) If co/A = ~o w h i c h  c o r r e s p o n d s  to A = 0, t he  

b l a d e  t e m p e r a t u r e  w i l l  be  equa l  to 

t g l  -t- tg2 
tb = tgav = 2 -  ' 

i . e . ,  i t  w i l l  be  c o n s t a n t  and  c o i n c i d e  w i t h  t he  a v e r a g e  
g a s  t e m p e r a t u r e ,  w h i l e  the  a m p l i t u d e  fo r  the  f l u e t u a -  

t i on  in  t he  b l a d e  t e m p e r a t u r e  is  e q u a l  to z e r o .  It  is  

no t  d i f f i c u l t  to s e e  t h a t  t h i s  c a s e  c o r r e s p o n d s  to  an  

i n f i n i t e l y  g r e a t  t h e r m a l  i n e r t i a  fo r  the  b l a d e .  

Al l  of t h e  p r a c t i c a l l y  r e a l i z a b l e  l aws  g o v e r n i n g  t h e  

v a r i a t i o n  in t b l i e  b e t w e e n  t h e s e  two e x t r e m e  c a s e s .  
T h e  a m p l i t u d e  of t he  f l u c t u a t i o n  in  b l a d e  t e m p e r a t u r e  
(on  t he  p r i m a r y  s e g m e n t  of t h e  v a r i a t i o n )  wi l l  b e  d e -  
f i ned  by t he  e x p r e s s i o n  

/ Atbmi' f" = (tg~--tgx) 2 1 + - ~ ,  

A+max i . e . ,  t he  q u a n t i t y  ' ~ b I I  wi l l  b e  s m a l l e r ,  t h e  l a r g e r  
t he  r a t i o  co/A (an a n a l o g o u s  r e s u l t  c a n  b e  d e r i v e d  by 
s u b j e c t i n g  Eq. ( l )  to  a L a p l a c e  t r a n s f o r m a t i o n )  (F ig .  

2), in  w h i c h  c a s e  t he  two a b o v e - c o n s i d e r e d  e x t r e m e  

c a s e s  fo l low d i r e c t l y  f r o m  the  a b o v e - c i t e d  equa t i on .  
F o r  a c l e a r  p r e s e n t a t i o n  of the  n a t u r e  of the  c h a n g e  

in b l a d e  t e m p e r a t u r e  w i th  t i m e  in t he  c a s e  of a s i n u s -  

o ida l  v a r i a t i o n  in ga s  t e m p e r a t u r e ,  we  c a r r i e d  out  t he  
c a l c u l a t i o n  a c c o r d i n g  to f o r m u l a  (5) w i th  the  fo l l owing  

i n i t i a l  c o n d i t i o n s :  tg  I = 600 ~ C, tg  2 = 900 ~ C, co = 0.2~r = 

= 0.628 s e c  -1 and  A = 0.4 s e c - t .  The  c h a n g e  in  t h e g a s  
t e m p e r a t u r e  and  in  the  b l a d e  t e m p e r a t u r e  w i t h  t i m e  is  
s h o w n  in  F ig .  3. We  s e e  f r o m  t h e  c i t ed  c u r v e s  t h a t  

t he  m a x i m u m  b l a d e  t e m p e r a t u r e  does  not  e x c e e d  830 ~ 

C, i . e . ,  l o w e r  by  70 ~ t h a n  t he  m a x i m u m  g a s  t e m p e r a -  
t u r e .  T h e  a m p l i t u d e  f o r  t he  f l u c t u a t i o n  in  t he  b l a d e  
t e m p e r a t u r e  on t he  p r i m a r y  s e g m e n t  is  At  m a x  = 81 ~ C 

bII 
w h i c h  is  c o n s i d e r a b l y  l o w e r  t h a n  t h e  a m p l i t u d e  of the  
g a s  t e m p e r a t u r e  w h i c h  is equa l  to  150 ~ C. T h e  p r i -  

m a r y  s e g m e n t  of f l u c t u a t i o n s  in  b l a d e  t e m p e r a t u r e  
b e g i n s  w i t h i n  11 s e c  and  t h e  f l u c t u a t i o n s  t h e n  b e c o m e  
h a r m o n i c  and  t h e i r  a m p l i t u d e  a s s u m e s  a c o n s t a n t  
v a l u e .  T h e  m a x i m u m  b l a d e  t e m p e r a t u r e  on t h i s  s e g -  
m e n t  is  s h i f t e d  r e l a t i v e  to t h e  m a x i m u m  of t he  t e m -  

p e r a t u r e  c u r v e  by  t h e  a n g l e  of t h e  p h a s e  s h i f t  w h i c h  is  
e q u a l  to  a r c t g  co/A and  in the  c a s e  u n d e r  c o n s i d e r a t i o n  
t h i s  s h i f t  (wi th  r e s p e c t  to t i m e )  a m o u n t s  to 1.5 s e c .  

T h e  t h e r m a l  i n e r t i a  of t he  b l a d e s  t hus  l e a d s  to  a r e -  

d u c t i o n  in  t h e i r  m a x i m u m  t e m p e r a t u r e  and  in t he  

a m p l i t u d e  of t he  f l u c t u a t i o n  r e l a t i v e  to t h e  a m p l i t u d e  

880 ~ tg av 

I I/ I 

bOO t ~  in /" 

2 I~ 8 8 I0 f2 14 [6' 18 20 22 24 28 r 

Fig. 3. Blade temperature with sinusoidal law of tempera- 
ture v a r i a t i o n  f o r  t he  g a s  and  u n d e r  i n i t i a l  c o n d i t i o n s :  A = 
= 0.4 s e e - i ;  co = 0.2~r s e e - l ;  T = 10 s e e ;  At  m a x  = 81 ~ C; 

---bII  
I) i n i t i a l  r e g i o n ;  II) m a i n  r e g i o n .  
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of the fluctuation in gas t empera tu re ,  which has a 
favorable  effect on the dynamic s t rength  of the blades.  

In conclusion we will demons t ra te  that the t ime  
constant  A in Eq. (1) may be assumed to be constant  
in the ma jo r i ty  of cases .  This quantity is propor t ional  
to the coefficient of the heat t r ans f e r  f rom the gas to 
the blade, i . e . ,  

A = cnnst %. 

The coefficient of heat t r ans fe r  f rom the gas to the 
blade is equal to [1] 

ReO.Sg~Xg G0.~45 ~, 
-- const g g 

a g  ~ b tt~ " *g  

If the coefficients of heat conduction and dynamic 
viscos i ty  as known functions of t empera tu re  {inter-  
polational formulas )  are  subst i tuted into this las t  
equation, with considera t ion of the fact that with con-  
s tant  p r e s s u r e  the gas flow ra te  is inverse ly  p ropor -  
t ional  to the square  root of the t empera tu re ,  we will 
have 

ag = const T~. 

and, consequently,  

A = const T ~ (8) 
g 

The amplitude for the f luctuation in the gas t e mpe r -  
ature genera l ly  does not exceed 150-200 ~ i . e . ,  the gas 

t empera tu re  va r ies  by no more  than 15-25% in com- 
par i son  with the quantity T~ . As follows f rom for -  

sav 
mula  (8), the quantity A therefore  changes by no m o r e  
than 1.5-2.5%, and it may be regarded as constant.  In 
the event that there  is a change in the gas p r e s su re ,  
the quantity A var ies  more  markedly ,  but in this case 
its var ia t ion  can be neglected in mos t  cases .  

NOTATION 

A is a constant; ~g is the hea t - t r ans fe r  coefficient 
f rom gas to blade; Fb, Gb, and c b are the surface,  
weight, and heat capacity of blade; w is the frequency; 
T is the period; T is the t ime;  t b is the t empera tu re  of 
the blades;  Tg and tg are  the gas t empera tu res ;  Gg is 
the gas flow ra te ;  b is the blade chord; /~g is the dy-  
namic  v iscos i ty  coefficient of the gas; Xg is the the r -  
mal  conductivity of the gas. 
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